Ferroelectric domain engineering is important for its potential to improve device performance, reliability, and energy efficiency. For example, ferroelastic coupling is necessary for realizing functional multiferroic responses with BiFeO 3 films, and strong performance increases have been observed by isolating specific domain assemblages and structures.
1-3 Domain boundary dependent conduction is another important topic for memory applications, strain or electro-magnetic field sensors, or energy harvesting. 4, 5 There are several important domain boundary parameters. The polarization angle between adjacent domains is significant due to the corresponding ferroelastic or ferroelectric nature of these interfaces. For BiFeO 3 , the h111i p polarization directions (where p denotes pseudocubic indices) allow for up to 8 polarization orientation variants, reducing to 3 possible polarization angles at domain walls (180 boundaries are purely ferroelectric in BiFeO 3 , while 71 or 109
boundaries are ferroelastic and ferroelectric). 4 possible domain boundary types or configurations are possible depending on the polarization direction of adjacent domains, where head-to-head or tail-to-tail interfaces experience opposing electric fields and are, therefore, charged, while head-to-tail or tail-to-head domains should be charge-neutral. X-ray diffraction, electron microscopy, and piezo-force microscopy (PFM) are widely employed to investigate such ferroelectric domains and domain walls. Mapping domain orientations requires more involved measurements, however, for instance with "angle resolved" or "vector" PFM. [6] [7] [8] [9] [10] [11] While such data can in principle provide maps on domain boundary angles and/or types, this is seldom performed except for a handful of domains where individual assessments have been made. This neglects the opportunity to investigate domain wall statistics and cross-correlations. Accordingly, this work presents methods for the measurement and analysis of populations of individual domain wall orientations, types, and cross-coupling. Domain boundaries are investigated in an epitaxial, 50 nm thick, BiFeO 3 film, grown on a single-crystal SrTiO 3 substrate oriented within 60.5 of (001) via reactive adsorption controlled molecular beam epitaxy as described elsewhere. 12, 13 Briefly, an 8:1 bismuth:iron flux ratio in a 1 Â 10 À6 Torr oxygen/ozone ($10% ozone) background pressure and a growth temperature of 360 C was used. The film was phase-pure by x-ray diffraction and possessed a 48 arc-second omega rocking curve full-width-at-half-maximum of the 002-pseudocubic reflection, identical to the underlying substrate and indicative of high crystalline quality. Rutherford backscattering spectroscopy was used to verify film stoichiometry and revealed a bismuth:iron ratio of 1.0 (64%):1.0 and a minimum channeling yield of 20%.
PFM was performed using an Asylum Research MFP-3d atomic force microscope (AFM) operating in contact mode with a conductive probe (NT-MDT DCP11). 14, 15 An external function generator (Agilent 33250a) biased the probe with an AC voltage near the contact resonance, causing piezoactuation beneath the AFM tip that was quantified with a lock-in amplifier (SRS844). Angle-resolved or vector piezoresponse microscopy was employed by imaging normal (z) and lateral (x or y) signals. The distinct signals could be spectrally separated, and excited and detected simultaneously. Custom image analysis (MATLAB) was then performed to generate maps of domain boundary angles and types.
First, to determine which of the 8 possible polarization directions are present for any given region, several signals were acquired including the amplitude and phase of the piezoresponse signal normal to the specimen (z) and the in-plane (lateral) response perpendicular to the cantilever long axis (y). The specimen was aligned along the SrTiO 3 substrate ½100 axis to simplify orientation identification, though any alignment could be employed in principle. The specimen was then rotated by 90
, the same region located, and another pair of PFM images obtained for lateral and normal orientations, providing the remaining (x) direction signal and redundant normal (z) data, respectively. The 4 resulting PFM phase images identify domain orientation components along the specified directions according to dark or light contrast as shown in Fig. 1 . Note that the 0 images are rotated by À90 and cropped where indicated in further analyses so that the features match based on the redundant normal piezo-response images (Figs. 1(a) and 1(c) ).
Domains are identified as being polarized either into the specimen surface ½uv 1, or out of the sample ½uv 1, depending on dark or light normal PFM phase contrast, respectively. To determine which of the 4 remaining variants was present for each image pixel, the in-plane (lateral) PFM data was considered. Pixel contrast from Fig. 1(b) indicates whether variants ½u 1w or ½u 1w are present, while Fig. 1(d Fig. 2(a) , with 8 contrast levels for each of the possible polarization directions.
With the domain orientations mapped, domain boundaries were located by identifying positions where the domain orientation is different for adjacent pixels. Two possibilities were considered: (1) where vertically adjacent pixels were differently oriented (i.e., at a horizontal domain boundary); and (2) where horizontally adjacent domains were different (a vertical boundary). If both occurred but did not exhibit the same orientation (due to either experimental error/noise, or the site of a triple junction), the pixel was labeled as unknown and not counted for further statistical analyses. For the 1 lm 2 region imaged, 11 509 pixels were along domain boundaries, representing nearly 45 lm of linear domain wall.
A lookup table (Table I) sufficed to determine the polarization angle at each known domain wall location, based on the orientation of adjacent domains identified by convention 16 according to their polarization orientation. Although 3 distinct angles are possible, 71 , 109 , or 180 , for the specimen studied here 97.4% of the identifiable domain wall pixels exhibited 71 polarization angles. The balance were 109 boundaries (2.6%), with the population of 180 domain walls in the field of view less than 0.1%. The predominance of 71 domain walls, and the lack of 180 domain walls, are both predicted based on first-principles calculations, which indicate low and high energies for these boundaries, respectively. 17 Domain boundary types, such as head-to-head and headto-tail polarization configurations, were also identified for every domain wall pixel, as shown in Fig. 2(b) . The four possibilities were determined based on a separate lookup table (Table II) . Interestingly, domain boundary types could change if the domain wall direction changes, even though the domains are the same. Neighboring ½111 and ½1 11 domains (equivalently P 1 þ to P 4 þ ) possess a charged head-to-head configuration when left and right of a vertical domain wall, but convert to an uncharged head-to-tail configuration if the boundary turns a corner and the domains are now above and below a horizontal interface. This direction dependence of interface charging does not occur if only the normal orientation flips as with ½111 and ½11 1 (P 1 þ and P 3 -, respectively). Automated statistical analyses of distributions of domain boundary orientations, angles, types, and even crosscorrelated terms are therefore feasible. For example, Fig. 3(a) 
presents results from a histogram of the domain orientations, revealing that nearly 70% of the domains are inward polarized while 30% are outward domains. Of course non-standard orientations, as reported elsewhere for epitaxial BiFeO 3 films, 11 could also be considered by modifying look-up Tables I and  II , providing similar results but for a wider range of orientations and domain boundary types.
Focusing on the more interesting domain walls, the ratio of uncharged to charged interfaces was almost 2:1 (head-totail and tail-to-head versus head-to-head and tail-to-tail), Fig.  3(b) . Such a seemingly high concentration of charged boundaries should result in sites with localized Coulombic repulsion. This may be minimized through non-standard domain orientations 11 or sub-resolution microstructural defects. Cross-coupled terms can be determined as well using this technique. For instance, domain boundary types and proportions have been uniquely identified as a function of the local polarization angle. Head-to-head vs. head-to-tail domain boundaries occur for 32% and 68% of all 71 domain boundaries, respectively, but for 72% and 28% of 109 interfaces. Since the absolute number of such 109 domain boundaries is small in this sample, further investigations are underway into this apparent preponderance of charged 109 and neutral 71 interfaces. Future measurements will investigate links between interface parameters and film composition, orientation, annealing, etc.
In summary, this work extends ferroelectric domain orientation studies in three dimensions for automated creation of maps of domain boundary angles, types, and crosscoupling between these and/or other parameters. Such insight is crucial to efforts in engineering domain architectures, for example to optimize ferroelectric domain stability, switching speeds, switching energies, photoelectric effects, transport properties, and magnetoelectric coupling. 
